Meta-conformal transformations are constructed as dynamical symmetries of the linear transport equation in d spatial dimensions. They are a new kind of representations of the conformal Lie algebras for d = 1, while for d = 1 their algebraic structure is different. Infinite-dimensional Lie algebras of meta-conformal transformations are explicitly constructed for d = 1 and d = 2 and they are shown to be isomorphic to the direct sum of either two or three centre-less Virasoro algebras, respectively. Co-variant two-point correlators are derived and possible physical applications are discussed.
Introduction
Conformal invariance has found many brilliant applications, for example to string theory and high-energy physics [68] , or to two-dimensional phase transitions [10, 31, 41, 70] the quantum Hall effect [19, 35] , or certain stochastic processes [1, 2, 3, 24, 58, 71] . These applications are based on a geometric definition of conformal transformations, considered as local coordinate transformations r → r ′ = f (r), of spatial coordinates r ∈ R 2 such that angles are kept unchanged. 1 The Lie algebra of these transformations is naturally called the 'conformal Lie algebra'.
In view of these successes, it appears natural to ask if at least some ideas of conformal invariance can be brought to bear on dynamical problems. Indeed, one possibility to achieve this is to consider conformal transformations in time, e.g. t → αt+β γt+δ with αδ − βγ = 1, and then to choose the spatial transformations such as to obtain a closed Lie group. The global scaling of temporal and spatial coordinates is distinguished by the dynamical exponent z, according to t → t ′ = b z t and r → r ′ = br. In general, z has a non-trivial value [73] . A simple example of such a dynamical symmetry is given by the free diffusion equation. The corresponding Lie group is the Schrödinger group [56, 61, 66, 14, 34, 55] , and the system has the dynamical exponent z = 2. In any space dimension, this non-semi-simple Lie group has an infinitedimensional extension, the Schrödinger-Virasoro group, although one usually analyses its Lie algebra [39, 43, 74] . Analogous ideas can be brought forward for generic values of z [42] . They lead to explicit predictions for the scaling form of the two-time response function and have been tested in a large variety of non-equilibrium systems which undergo dynamical scaling, see [44] for a review and [51] for a tutorial introduction.
Alternatively, one may apply conformal invariance to the critical dynamics of a two-dimensional statistical system [20] . Starting from the well-established conformal invariance in the spatial coordinates, now with a space-dependent re-scaling factor b = b(r), a space-dependent rescaling of the time was proposed for generic z. This leads to generalised conformal transformations for time-dependent correlators [20] 2 but no physical examples whose correlators/reponses transform in this way seem to be known. Presently, if the dynamical exponent z = 1, we shall show how (a variant of) conformal invariance of the 'spatial' coordinates can be extended to include a time-coordinate, such as to be consistent with dynamical scaling with dynamical exponent z = 1. Representations of the corresponding Lie algebras can be constructed as timespace transformations in any spatial dimension d and they act as dynamical symmetries of a linear Boltzmann-Vlassov transport equation. The Lie algebras are infinite-dimensional 3 for d = 1 and d = 2. We shall identify the canonical variables which make the isomorphisms of the Lie algebra to vect(S 1 ) ⊕ vect(S 1 ) for d = 1 and vect(S 1 ) ⊕ vect(S 1 ) ⊕ vect(S 1 ) for d = 2 explicit and shall also give the associated group action. 1 See [70] and refs. therein for the considerable recent interest into the case r ∈ R d with d > 2. 2 At equilibrium, the fluctuation-dissipation theorem relates these to the linear response functions. 3 Some of our results were announced earlier, in a preliminary form [52] .
We concentrate, from now on, on systems which undergo dynamical scaling with a dynamical exponent z = 1. Trivial examples would be given by conformally invariant critical systems at equilibrium, where one of the spatial direction would be relabeled as 'time'. For the sake of a clear distinction, we refer to the 'standard' conformal transformations, which keep angles unchanged, as ortho-conformal transformations. Here, we shall consider time-space transformations (which depend analytically on the transformation parameters) which need not to be angle-preserving, but whose Lie algebras are still isomorphic to the ortho-conformal Lie algebra or at least contain it as a sub-algebra. Such transformations will be called meta-conformal transformations [49, 50] .
Example: consider the infinitesimal generators of meta-conformal transformations, acting on a two-dimensional time-space with points (t, r) ∈ R 2 [42] X n = −t n+1 ∂ t − µ −1 [(t + µr) n+1 − t n+1 ]∂ r − (n + 1) γ µ [(t + µr) n − t n ] − (n + 1)δt n Y n = −(t + µr) n+1 ∂ r − (n + 1)γ(t + µr) n (1.1)
where δ, γ are constants and µ −1 is a constant universal velocity ('speed of sound' or 'speed of light'). The global dilatations are generated by X 0 and it is easy to see that indeed z = 1. 4 Clearly, these infinitesimal transformations are not angle-preserving in the time-space of points (t, r) ∈ R 2 , but their Lie algebra X n , Y n n∈Z obeys
The isomorphism of (1.2) with the ortho-conformal Lie algebra is seen as follows: let X n = ℓ n + ℓ n and Y n = µl n , and then verify that the generators ℓ n ,l n n∈Z satisfy [ℓ n , ℓ m ] = (n − m)ℓ n+m , [l n ,l m ] = (n − m)l n+m and [ℓ n ,l m ] = 0. Therefore, if only µ = 0, the Lie algebra (1.2) is isomorphic to a direct sum vect(S 1 ) ⊕ vect(S 1 ) of two Virasoro algebras with a vanishing central charge [42, 72] . Explicitly, one has
The standard rendering of (1.3) in 'complex' light-cone coordinates v,v is achieved by setting v = t andv = t+ µr. This produces ℓ n = −v n+1 ∂ v −(n+ 1)∆v n andl n = −v n+1 ∂v −(n+ 1)∆v n with the conformal weights ∆ = δ − γ/µ and ∆ = γ/µ. Hence meta-conformal transformations (1.1) are not distinct from ortho-conformal transformations on the level of the Lie algebra, but rather are a new kind of representations of the conformal Lie algebra.
The meta-conformal generators (1.1) are dynamical symmetries of the equation of motion
Indeed, since (with n ∈ Z) Table 1 : Several examples of infinite-dimensional groups of time-space transformations, with the defining coordinate changes. Herein, f,f , b are arbitrary differentiable functions, and a an arbitrary differentiable vector-valued function, of their argument. In addition, z,z are (complex) light-cone coordinates, written as z = t + ir to make 'time' and 'space' coordinates explicit. Several physical interpretations of the coordinates (u,ū) and (τ, w,w) of the 1D and 2D meta-conformal transformations exist and are listed in tables 2 and 3. The physical interpretation of the co-variant n-point functions as either correlators or responses is based on the extension of the Cartan sub-algebra [45, 46, 48] . a solution φ of (1.4) with scaling dimension δ φ = δ = γ/µ is mapped onto another solution of (1.4). Hence the space of solutions of the equation (1.4) is meta-conformally invariant. This is the analogue of the familiar ortho-conformal invariance of the 2D Laplace equation.
Several different types of physical systems with dynamical exponent z = 1 are known. First, the dynamical symmetries of the Jeans-Vlassov equation [57, 76, 53, 65, 75, 17, 18, 30, 69] in one space dimension are given by a representation of (1.2), distinct from (1.1) [72] . Second, the 'nonrelativistic limit' µ → 0 in the above generators yields a Lie-algebra contraction of (1.2) whose result is called 'conformal galilean algebra' cga(d) [38] or 'bms-algebra' bms 2+d [13] , since the contracted generators are immediately generalised to d ≥ 1 spatial dimensions, and rotations by arbitrary time-dependent angles appear for d ≥ 2. Remarkably, the Lie algebra cga(d) is not isomorphic to the Schrödinger (or Schrödinger-Virasoro) Lie algebra in d dimensions [43, 29] . Applications arise in hydrodynamics [78] or in gravity, e.g. [8, 4, 5, 64, 9, 6] , and the bootstrap approach has been tried [64, 7] . Third, the non-equilibrium dynamics of quantum quenches generically has z = 1, related to ballistic spreading of signals, see [15, 16, 28] and this apparently holds both for quenches in the vicinity of the quantum critical point [25] as well as for deep quenches into the two-phase coexistence region [77] . The available examples suggest that the value z = 1 should be robust with respect to the change from closed to open quantum systems. Forth, effective equations of motion of the form (1.4) arise in recent studies of the generalised hydrodynamics required for the description of strongly interacting non-equilibrium quantum systems [11, 21, 26, 22, 67, 27] .
The aim of this work is to improve the current understanding of meta-conformal transformations. Our main results are included in table 1, which collects the defining coordinatetransformations of several known examples of infinite-dimensional Lie groups of time-space transformations. In addition, there are spatial rotations (with time-dependent angles) for the Schrödinger and conformal galilean groups if d ≥ 2, which are not explicitly listed. Table 1 makes the analogies between these distinct groups apparent, but also shows some differences, notably concerning the transformation of the spatial coordinates. 5 Only the ortho-conformal transformation include rotations between the 'time' and 'space' coordinates. One should also clarify if co-variant n-point functions of these symmetries should be interpreted as correlators or response functions. For ortho-conformal invariance, it is well-established that these are correlators [10] . However, for the other groups a systematic extension of the Cartan sub-algebra must be considered [43, 46, 47, 48] . The result is listed in table 1: one either has a causality condition appropriate for a response function or a symmetry condition as for a correlator. 6 Specifically, the 1D meta-conformally co-variant two-point correlator has the form [48] 
However, (1.6a) does not follow from the generators (1.1), but rather an additional generator in the Cartan sub-algebra must be added [48] . 7 In the µ → 0 limit, the cga-covariant correlator (1.6b) is obtained [46, 47] . The two-point functions (1.6) have the symmetries C 12 (t, r) = C 21 (−t, −r) under permutation of the scaling operators φ 1,2 expected for a correlator. The scaling form (1.6b) of the meta-conformal correlator is the same as the special case z = 1 for the conformally co-variant two-time response function G(t, r), derived by Cardy [20, (3.10) ].
This work will present the detailed construction of the meta-conformal transformations of table 1. In section 2, a generalisation of the representation (1.1) of 1D meta-conformal transformations will be an essential foundation for all what follows. We shall give a geometrical interpretation of several types of meta-conformal transformations which we shall identify and shall also compute the finite (group) transformations in table 1. This allows to formulate an ansatz for the d-dimensional construction which is used in section 3 to find the generic form of the generators. Particular attention will be devoted to construct the terms which will describe how primary scaling operators will transform under meta-conformal transformations. In section 4 we shall concentrate on the special case of d = 2 dimensions, where stronger results are found. First, we identify two distinct meta-conformal representations which are distinguished by different sets of physical coordinates, as listed in table 3. Second, while for d > 2 this only gives a finite-dimensional Lie algebra, we shall see for d = 2 an infinite-dimensional extension exists which is isomorphic to the direct sum of three Virasoro algebras (without central charge). 8 The corresponding finite (group) transformations are indicated in table 1. The time-dependent transformations might be used to generate the temporal evolution of the physical system. Indeed, the co-variant two-point function is explicitly seen to describe the relaxation towards an ortho-conformally two-point function, which reflects the meta-conformal aspects in this Lie group. We conclude in section 5. In appendix A we give the details for finding explicitly the finite transformations from the Lie algebra generators, while in the appendix B the explicit forms of meta-conformal generators for d = 3 space dimensions are listed. 5 They differ also from Cardy's proposal (t, r) → (t ′ , r ′ ) = (b(r) z t, b(r)r) [20] . 6 This construction has not yet been carried out for the 2D meta-conformal transformations. 7 Without these extensions, one would have φ(t, r)φ(0, 0) meta = Φ (0) t −x [1 + µr/t] −ξ/µ , with an un-physical singularity at r/t = −1/µ. A bootstrap approach should reproduce the singularity-free forms (1.6). 8 The same algebra of dynamical symmetries also arises for diffusion-limited erosion in 1D [49, 50] .
2 Meta-conformal algebras: general remarks
A generalisation of the one-dimensional case
We begin by reconsidering the dynamical symmetries of eq. (1.4), re-written in the form
Clearly, both time-and space-translations, as well as the dilatations, retain their form given in (1.1). However, the explicit generators X 1 , Y 0,1 of the finite-dimensional sub-algebra X n , Y n n∈{±1,0} of symmetries, can be generalised as follows, with new constants α, β [72] :
For n, m, ∈ {0, ±1} they satisfy the following commutation relations
With respect to the meta-conformal generators (1.1), the new feature is the constant α = 0. This will be required when extending meta-conformal transformation to d > 1 dimensions in the next section.
Furthermore, the generators (2.2) are indeed dynamical meta-conformal symmetries of the 1D eq. (2.1), if the parameters are chosen as follows [72] 
Then the dynamical symmetries follow from the commutators
such that the solution space ofBφ = 0 is indeed invariant.
Although the commutators (2.3) look different (compared with (1.2)), the Lie algebra X n , Y n n∈{0,±1} ∼ = sl(2, R) ⊕ sl(2, R) is isomorphic to the ortho-conformal algebra [72, Prop. 1] and hence also to (1.2) . We want to find this isomorphism explicitly.
First, the case α = 0 brings the algebra into its usual form (1.2) . In this case the choices c = −1/β and β = µ make equations (1.4, 2.1) coincide.
Second, for α = 0 there is no obvious relation between c and β. We define new generators (first for n ∈ [0, ±1]) Y n = aX n + Y n (2.6)
if a satisfies the quadratic equation a 2 +βa−α = 0. The solutions are a ± = (−β ± β 2 + 4α)/2. Rescaling the generators Y n , one may effectively rescale one of the constants α, β as desired; we shall take α = − 2 9 β 2 in what follows. 9 Then we have the two cases a − = − 2 3 β and a + = − 1 3 β.
and recover the algebra (1.2) in the finite-dimensional case
In addition, from this representation, see (2.2), of the algebra X 0,±1 , Y (A) 0,±1 with commutators (2.3,2.8) an infinite-dimensional extension can be found. To do so, we first define
with the following simplified commutators
The explicit representation for all n ∈ Z will be given below.
which produces the commutators
such that the algebra (1.2) is recovered with µ = β/3. Again, a representation of the infinitedimensional extension can be identified in the basis {A
and the simplified commutators
ii α = 0 t + 2β 3 r t + β 3 r Table 2 : Possible choices for the 'complex' light-cone coordinates u,ū of the conformal generators ℓ n = −u n+1 ∂ u = (n + 1)∆u n andl n −ū n+1 ∂ū − (n + 1)∆ū n . The meta-conformal representations are eqs. (1.3,2.16) for α = 0 and α = 0, respectively.
Before we give these infinite-dimensional extensions explicitly, a further observation is in order. The two representations for α = 0, given by Case A and Case B (for β = 0, ∞), are not independent. Namely
n , we have the following representation of the infinite-dimensional meta-conformal transformations, for the rescaling α = − 2 9 β 2 = 0
with the commutation relations, for n, m ∈ Z
The generators A n , Y n are the analogues of the generators ℓ n ,l n from the representation (1.3) of 1D meta-conformal invariance, see table 2. Indeed, with the light-cone coordinates
the generators (2.16) reduce to the usual ortho-conformal form [10] 
with the conformal weights ∆ = 3γ β − δ and ∆ = 2β 3 δ − γ. Summarising, we have illustrated the equivalence of the ortho-conformal transformations in two spatial dimensions with the meta-conformal ones in (1 + 1)D time-space dimensions, for both α = 0 and α = 0, see also table 2. These correspond to the two types i and ii of 1D meta-conformal transformations listed in table 1. The different physical interpretations of the light-cone coordinates u,ū are illustrated in figure 1 . Clearly, the 'natural' coordinates of meta-conformal transformations do not correspond to orthogonal coordinates, as it is the case for ortho-conformal transformations. 
Finite 1D meta-conformal transformations
In order to obtain a better geometric picture of the meta-conformal transformations (1.1), we begin by deriving the corresponding finite 1D meta-conformal transformations. Formally, they are given by the Lie series F Y (ε, t, r) = e εYm F (0, t, r) and F X (ε, t, r) = e εXn F (0, t, r), with the generators taken from (1.1). They are given as the solutions of the two initial-value problems
subject to the initial conditions F X (0, t, r) = F Y (0, t, r) = φ(t, r).
Rather than presenting the details of that integration (see appendix A), it is more instructive to look immediately at the result, see also table 1. A simple form is obtained by using the variable ρ = t + µr instead of r. We then look for F Y (ε, t, ρ) = e εYm F (0, t, ρ) and F X (ε, t, ρ) = e εXn F (0, t, ρ) with the initial condition F X (0, t, ρ) = F Y (0, t, ρ) = ϕ(t, ρ) := φ(t, r). We find
where a = a(ρ) and b = b(t) are arbitrary differentiable functions. We also note the transformation of r as generated by X n
By expanding b(t) = t − εt n+1 and a(ρ) = ρ − ερ m+1 the differential equations for the Lie series, as they follow from the explicit generators, can be recovered. Alternatively, we could have used the generators ℓ n ,l n from eq. (1.3) written down in the light-cone coordinates v = t andv = ρ.
The finite transformations following from the representation (2.16) are brought into a simple form as follows. Using the variables u = t + 2β 3 r and v = t + β 3 r, we look for
and where a = a(v) and b = b(u) are arbitrary differentiable functions. As before, the explicit transformation of time t and space r can be reconstructed.
Eqs. (2.20,2.22) give the global form of the 1D meta-conformal transformations and the transformation of the associated primary scaling operators. We have given explicitly the choice of coordinates where the transformation in the two coordinates factorises. The analogy with ortho-conformal primary scaling operators [10] is striking. Since this work is mainly interested in finding new meta-conformal symmetries, we shall leave the construction of the full conformal field-theory based on (2.20,2.22) to future work.
Ansatz for the d-dimensional case
Meta-conformal representations of higher-dimensional analogues of the conformal algebra (1.2) are sought as dynamical symmetries of a ballistic transport equation, of the form
where c ∈ R d is a constant vector, which naturally generalizes eq. (1.4).
The generators of translations and dynamical scaling are have obvious generalisations to the d-dimensional case
where δ stands for a scaling dimension. If d ≤ 3, we shall also use j = x, y, z. The form of all further generators follows from the one of X 1 . Here, we shall concentrate on the ansatz
where α, p and k are scalars, β, γ are vectors and the vector B depends on its arguments. All these must be found self-consistently from the algebra we are going to construct. By construction, [X n , X m ] = (n − m)X n+m is obeyed for n, m ∈ {±1, 0}. All further generators of our symmetry algebra will be obtained from repeated commutators of X 1 with X −1 and Y j −1 . The form (2.25) of the generator X 1 is motivated as follows.
• For d = 1 dimension, one should reproduce X 1 in eq. (2.2). The 1D generator contains a term −βr 2 ∂ r , which for d > 1 leads to two distinct contributions, as specified in (2.25) .
• X 1 should be rotation-invariant, that is it should commute with the generators R ij of spatial rotations. However, for the 'natural' choice R ij = r i ∂ r j − r j ∂ r i , the invariance condition [X 1 , R ij ] = 0 does not hold, not even in the special case B = γ = 0. Therefore, spatial rotations should also include rotations of the vectors β and γ. The rotation generator becomes
where the signatures ε γ , ε β = ±1 allow for a different sense of rotation of β or γ than of the spatial coordinates r. Furthermore, we should allow for the possibility B = 0.
In addition, from the commutation relation of the one-dimensional case (1.2), especially Additional restrictions on the form of X 1 come from the requirement that it should act as a dynamical symmetry of eq. (2.23). By 'dynamical symmetry' we mean the following required commutator [66] [B,
which implies that the space of solutions ofBφ = 0 is invariant under the action of X 1 (eventually after fixing one or several scaling dimensions of φ to certain values). As we shall see, this requirement leads to new relations between α, p and β.
Example: The two vectors β and c span a two-dimensional space. By rotation-invariance, it is therefore enough to consider the case d = 2, since any higher-dimensional situation can be reduced to the present case. Let B = γ = 0. From (2.25,2.27) it follows that δ = 0 and
We look for a solution of the above system for β = 0. Straightforward calculations show:
1. The case p = 1 leads to contradictions between some of the equations in the system. Then the generator X 1 cannot be a symmetry.
2. For p = 1 we have the following solution of the system (2.28)
Hence, the condition (2.27) is satisfied, with λ(t, r) = −2t − (p + 1)(β · r). In contrast with the 1D case, α is fixed in terms of β. In particular, α = 0 is only possible for p = −1.
The solution (2.29) holds true for all dimensions d > 1.
Eq. (2.29a) shows that c and β are collinear. Calculations are simplified by choosing the orientation of the coordinate axes such that only β 1 = β x = 0 and β j = 0 for all j ≥ 2.
3. For d = 1, only eq. (2.28a) remains, which is equivalent to (2.4) . Hence the structure of the 1D meta-conformal algebra is distinct from the one in any other dimension d > 1.
In general, B = 0 depends linearly on r. Then the sought symmetries generated by X 1 can become conditional symmetries, that is some auxiliary conditions on the field φ = φ(t, r, β, γ) must be imposed, see [12, 32, 33, 23] and references therein. An example will be mentioned at the end of section 3.
3 Meta-conformal algebra in d > 1 spatial dimensions
In order to explore possible meta-conformal transformations in more than one spatial dimension, we shall first consider generic conditions which will hold for any dimension d > 1. Specific results apply for d = 2 and will be presented in section 4.
We start from the ansatz (2.25), with p = 1. Throughout, we shall assume B = 0, unless explicitly stated otherwise. From the defining commutator relation, we have the generator
To be specific, let d = 3, but the conclusions will apply to any d ≥ 2. We use from (2.29b) the value α = 1 4 (p − 1)(p + 1)β 2 and work out [
which must be expressed in terms of the generators of the Lie algebra under construction. Recall the rotation generator R ij = r i ∂ r j − r j ∂ r i . It follows that for the solutions of the equation
that is for the two cases 10 (i) p 1 = −1 and (ii)
Similarly, for the same values of p = −1, 1 3 , we find (still for d = 3)
Therefore, an understanding of the algebraic structure requires a discussion of rotation-invariance.
1. One can choose to keep full spatial rotation-invariance, with all three generators R xy , R yz , R zx . Since the invariant equation (2.23) contains a vector proportional to β, one must include into the rotation generators, viz. R ij →R ij , terms which describe the simultaneous rotations of the position r and of β. However, changing β then implies changing the invariant equation. The transformations found will map one equation of the type (2.23) to another equation of the same type.
2. Here, we shall use rotation-invariance to orient the coordinate axes such that β is along the x-axis. In other words, we shall fix, from now on, β x = β = 0 and β y = β z = . . . = 0. Explicit rotation-invariance will only apply to rotations which leave the x-axis invariant. These do not exist for d = 2, but for d = 3 we have the rotation R yz .
3.1 Meta-conformal algebra in d = 3 dimensions with γ = 0
The generic structure of the Lie algebra of meta-conformal transformations can be understood from the special case of d = 3 spatial dimensions. We have fixed β = (β, 0, 0) and we first look at the more simple case γ = 0. The rotation generator is R ij = r i ∂ r j − r j ∂ r i . With (2.29b), we have α = 1 4 (p + 1)(p − 1)β 2 and, explicitly
All other generators can be found from (3.5) . Starting from Y j 0 :
However, if we take either p = −1 or p = 1 3 , then
does not vanish for d ≥ 3, see (3.4b ). Also, [X 1 , R yz ] = 0. Next, we also obtain
Verifying that [Y x 1 , R yz ] = 0, the nonvanishing commutators are, if either p = −1 or p = 1
If n, m ∈ {−1, 0, 1} and j = x, y, z, the non-vanishing commutators are compactly written as
Summarising these calculations, we have:
Proposition 1: If either p = −1 or p = 1 3 , and γ = 0, the set X 0,±1 , Y x,y,z 0,±1 , R yz of differential operators, as derived from (3.5), closes into a meta-conformal Lie algebra mconf(1, 3), whose structure is determined by the commutators (3.15) . The representations of mconf(1, 3), for the admissible values p = −1 or p = 1 3 , are isomorphic. Proof: The first part of the proposition follows from the closure of the commutators (3.15) . For the second part, let p = 1 3 and consider the commutators (3.15). Next, redefine the generators Y x n → Y x n = − 2 3 βX n + Y x n . Then the generators (3.5, 3.6a,3.6b,3.6c, 3.12b, 3.12c) and Y x n satisfy the commutators (3.15), written for the case p = −1 wherein β is replaced by −(β/3). q.e.d.
An important difference between d = 2 and d ≥ 3 dimensions arises from the commutators (3.7,3.13e). The absence of this non-commutativity permits to construct an infinite-dimensional extension of the 2D meta-conformal Lie algebra, as we shall show in section 4.
Meta-conformal algebra in d = 3 dimensions with γ = 0
We first redefine the generator of rotations, which now should include rotations of γ
(3.16)
Here, we must also include the term B = 0. To do so, we modify X 1 of eq. (3.5) by the following ansatz, according to (2.25)
where a, b, c and k are constants to be determined. Next, we construct Y x,y,z 0 and Y x,y,z 1 , as usual. We find the explicit extra terms beyond (3.6)
Herein, the values of the constants a, b, c are fixed from the requirement that the Lie algebra commutators remain the same as in the case γ = 0 treated above. 11 This implies
2. the condition [Y y 0 , Y z 0 ] = −p 2 β 2R yz yields a = ±2p. Hence, we obtain four representations of meta-conformal transformations, labelled by the pair (p, a), namely (p, a) = (−1, −2), (−1, 2), ( 1 3 , 2 3 ), ( 1 3 , − 2 3 ). The value of k is not fixed by the commutators.
Finally, the corresponding extensions of the generators Y 1 , beyond (3.12), are
The explicit form of the full generators is given in appendix B. 
Symmetries
Herein, the solution φ = φ γ (t, r) may also depend on the vector γ of 'rapidities'. We have and recall that a = ±2p. We summarise our results as follows.
Proposition 2: For generic dimension d > 2, and p = 1 3 or p = −1, we have (i) For γ = 0, the meta-conformal representation (2.24,3.5,3.6,3.12) leaves invariant the solution space of the equations (3.20) , under the condition δ = 0.
(ii) For γ = 0 and if φ γ (t, r) = φ(t, r) does not explicitly depend on γ, the corresponding meta-conformal representation leaves the solution space of (3.20) invariant, if k = 1 and γ x = (1 − p)βδ.
(iii) If the solution φ γ (t, r) does also depend on γ, invariance of the solution space of (3.20) is only obtained under the conditions k = 1 and
This means that in case (iii) we have an on-shell or a conditional symmetry of equation (3.20) , see e.g. [12, 33, 23 ].
Meta-conformal algebra in d = 2 spatial dimensions
Generalisations of the one-dimensional case to d = 2 space dimensions (with points (t, x, y) ∈ R 3 ) proceed as follows. The generators of translations and dilatations read
(4.1c)
The form of X 1 is given by (2.25) where for simplicity we set B = 0 and re-scale k = 2. We shall show that a closed and infinite-dimensional Lie algebra of dynamical symmetries can be found. We have explicitly
In contrast with the treatment of section 3, we shall keep for the moment the vector β = (β x , β y ) arbitrary. This allows to analyse explicitly the possibility of spatial rotation-invariance and hence complements our earlier analysis in section 3. The generator of rotations reads
Since we can check that [X 1 , R xy ] = 0, the generator X 1 is rotation-invariant. As in section 3, the generators Y j 0 := 1 2 X 1 , Y j −1 can be written down. Then, since the generic commutator [Y x 0 , Y y 0 ] is very complex, the only obvious way to close the algebra is to require that [Y x 0 , Y y 0 ] = 0. As shown above in section 3, this leads to two cases: 1. p = −1 and because of (2.29b), we have α = 0.
2. p = 1/3, hence α = − 2 9 (β 2 x + β 2 y ).
We shall take up these two distinct cases separately.
The case p = −1
For illustration, we continue to keep a generic vector β, for the time being. Since α = 0, the generators X 1 , Y x 0 and Y y 0 reduce to 
At first sight, this looks as if one would have found a closed Lie algebra. However, the components of β have been considered here, as variables, see especially the rotation generator (4.3). Hence, objects such as β x Y x n cannot be considered as Lie algebra generators. It is necessary to give up rotation-invariance and to fix the values of the components of β. Simple choices of the orientation of the coordinate axes would lead to (i) β = (β, 0) or (ii) β = (0, β). Eq. (4.6) shows that these choices merely lead to a difference in the signs of some commutators, which we understand now to follow from the effects of a simple rotation of the coordinate axes. From now on, we shall alwyas make the choice β = (β, 0), as before in section 3. From a physical point of view, the absence of rotation-invariance is natural, since the dynamical equation has a preferred direction (chosen here along the x-axis).
Proposition 3:
The set of generators X 0,±1 , Y x 0,±1 , Y y 0,±1 defined in (4.1, 4.4, 4.5) closes into a Lie algebra if β x , β y , are fixed constants. 12 We have already derived above the conditions required such that the solution space of the ballistic transport equation (3.20) is invariant under the action of these generators. The invariant linear equation will be discussed below.
Infinite-dimensional extension
For definiteness, we shall fix from now on β = (β, 0) and drop the spatial rotationsR xy . A better understanding of the algebraic structure behind the rather awkward set (4.6) of commutators is obtained via the following change of basis
Then the non-vanishing commutators (4.6) simplify to (still with n, m ∈ {±1, 0})
Going over to complex light-cone coordinates z = x − iy andz = x + iy, the generators become
where ∂ = ∂ z ,∂ = ∂z and the complex components γ := 1 2 (γ x + iγ y ) andγ := 1 2 (γ x − iγ y ). Clearly, restricting to points (t, z, 0) or (t, 0,z), we recover the representation (1.1) of the metaconformal algebra in d = 1 dimensions, restricted to n = −1, 0, 1.
The algebra (4.8) is identical to the maximal finite-dimensional sub-algebra of the non-local meta-conformal algebra found recently for the diffusion-limited erosion process in one spatial dimension [49, 50] . Therefore, we define the new generators
In the basis A n , Y + n , Y − n n∈{±1,0} , the Lie algebra (4.8) becomes the direct sum sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R). More importantly, the explicit form (4.9) suggests how to extend it to an infinite-dimensional set of generators, with n ∈ Z, namely
with the only non-vanishing commutators
such that the Lie algebra (4.12) is isomorphic vect(S 1 ) ⊕ vect(S 1 ) ⊕ vect(S 1 ), the direct sum of three Virasoro algebras without central charge. Finally, the ballistic operator (3.20) becomeŝ B = −∂ t + 1 β ∂ +∂ and obeys the commutators A n ,B = (n + 1)t nB − (n + 1)nt n−1 δ , Y ± n ,B = 0 (4.13)
where δ := δ − γ β −γ β . Summarising, we have proven: Proposition 4: In two spatial dimensions r = (x, y), the linear ballistic transport equation (2.23) can be brought to the formBφ(t, x, y) = (−∂ t + β −1 ∂ x ) φ(t, x, y) = 0, where β is a constant. Its maximal dynamical symmetry is infinite-dimensional, and is spanned by the generators (4.11), if only δ = δ − γ β −γ β = 0. Herein, complex coordinates z = x − iy,z = x + iy and the associated derivatives ∂ = ∂ z and∂ = ∂z are used and γ,γ, δ are constants. The Lie algebra of dynamical symmetries is given by (4.12) and is isomorphic to the direct sum of three centre-less Virasoro algebras.
Working with the coordinates w = t + βz andw = t + βz, we see that the symmetries generated by Y ± n are ortho-conformal in the variables (w,w), while the action of the generators A n are meta-conformal. This appears to be the first known example which combines ortho-and meta-conformal transformations into a single symmetry algebra. If δ = 0, we actually have a spectrum-generating algebra forB = A 0 . In spite of the symmetric formulation, the equation of motion (3.20) contains a bias, since the transport goes along the axis x = 1 2 (z +z), if β = 0.
Finite transformations
The finite transformations associated with the generators A n , Y + n , Y − n with n ∈ Z are given by the corresponding Lie series, for scaling operators which are scalars under spatial rotations. The final result is simple, with the definition ϕ(τ, w,w) = φ(t, z,z):
with the coordinates τ = t, w = t + βz,w = t + βz and k = k(t), and where a = a(z), a =ā(z) are arbitrary differentiable functions. Expandning these according to k(t) = t − εt n+1 , and analogusly for a(z) andā(z), the explicit differential equations for the Lie series can be recovered. Their direct integration is explained in appendix A.
Eqs. (4.14) clearly show that the relaxational behaviour described by the 2D meta-conformal symmetry is governed by three independent conformal transformations, rather than two as it is the case for 2D conformal invariance at the stationary state.
Two-point function
A simple application of dynamical symmetries is the computation of covariantly transforming two-point functions. Non-trivial results can be obtained from so-called 'quasi-primary' scaling operators φ(t, z,z), which tranform co-variantly under the finite-dimensional sub-algebra A ±1,0 , Y ± ±1,0 . Because of temporal and spatial translation-invariance, we can directly write
where the brackets indicate a thermodynamic average which will have to be carried out when such two-point functions are to computed in the context of a specific statistical mechanics model. Extending the generators (4.11) to two-body operators, the covariance is then expressed through the Ward identities X [2] 0 F = X
Each scaling operator is characterised by three constants ( δ, γ,γ). Standard calculations (along the well-known lines of ortho-or meta-conformal invariance) then lead to
where F 0 is a normalisation constant. This shows a cross-over between an ortho-conformal two-point function when t ≪ z,z and a non-trivial scaling form in the opposite case t ≫ z,z.
We illustrate this for scalar quasi-primary scaling operators, where γ 1 =γ 1
If the time-difference is small compared to the spatial distance, the form of the correlator reduces to the one of standard, ortho-conformal invariance. For increasing time-differences t, the behaviour becomes increasingly close to the known one of effectively 1D meta-conformal invariance. 13 The two-point function (4.16) can be written in the scaling form F (t, z,z) = t −2δ 1 f (z/t,z/t). Using the algebraic construction described in [46, 47, 48] , and restricting to the 'scalar' case 
The case p = 1/3
We shall fix β = (β, 0) from the outset. Then the generators X 1 , Y x 0 , Y y 0 take the following form, with 14 α = −(2/9)β 2
Now, we can proceed in analogy to the case p = −1 and introduce a symmetrised form as follows
In terms of complex light-cone coordinates z,z, such that the time-space coordinates are t, x = 1 2 (z +z) and y = i 2 (z −z), explicit representations are, for n ∈ Z
n with the following constants
Using the definitions (4. 26,4.27) , one can easily check that the generators of the maximal finitedimensional Lie sub-algebra are reproduced for n = ±1, 0.
The non-vanishing commutators of the generators (4.27) are
which again makes the isomorphism with the direct sum of vect(S 1 ) ⊕ vect(S 1 ) ⊕ vect(S 1 ) of three centreless Virasoro algebra. The maximal finite-dimensional sub-algebra is sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R).
Writing the Invariant operator asB = − β 3 ∂ t + ∂ z + ∂z, we have the commutators
and we have Proposition 5: In two spatial dimensions r = (x, y), the linear ballistic transport equation (2.23) can be brought to the formBφ(t, x, y) = − β 3 ∂ t + ∂ x φ(t, x, y) = 0, where β is a constant. Its maximal dynamical symmetry is infinite-dimensional, spanned by the generators (4.27), if only δ = 3γ β + 3γ β − δ = 0. Herein, the constants γ, γ, δ are defined in (4.28) . The Lie algebra of dynamical symmetries is given by (4.12) and is isomorphic to the direct sum of three centre-less Virasoro algebras. The expressions of the generators (4.27) can be simplified through the following change of variables
when they become
32) It follows that both special cases, p = −1 and p = 1 3 , which we isolated as especially simple ones, finally lead to different representations of the same underlying infinite-dimensional Lie algebra. The main difference is the relationship between the 'complex' coordinates (τ, w,w) and the physical time-space coordinates (t, x, y), as illustrated in table 3.
Finite transformations
The Lie series e εAn , e εY + n and e εY − n are most simply derived for the coordinates (4.31), along with the definition φ(t, z,z) = ϕ(τ, w,w).
where b, a,ā are arbitrary differentiable functions of their respective argument.
Two-point function
Again, the two-point function is build from the quasi-primary fields φ(t, x, y, γ, λ), where we use the short-hand γ = γ x and λ = γ y . Taking into the account the covariance of time-and space-translations, we write
where t = t 1 − t 2 , x = x 1 − x 2 , y = y 1 − y 2 . In principle, one may write down a system of differential equations, but the solution can be found more rapidly through the change of variables (4.31). Writing τ = τ 1 − τ 2 , w = w 1 − w 2 andw =w 1 −w 2 , the co-variant two-point function reads
with the constraints δ 1 = δ 2 , ∆ 1 = ∆ 2 and ∆ 1 = ∆ 2 and where F 0 is a normalisation constant.
One may re-express this in the original variables, with a qualitative behaviour quite similar to the case p = −1 treated above.
Conclusions
In this work, we used the linear ballistic transport equation as a simple device for finding new time-space transformations. Our main result is stated in table 1: The linear transport equation (1.4) admits in 1D and in 2D infinite-dimensional Lie groups of dynamical symmetries. In 2D, these symmetries contain ortho-conformal transformations of the spatial variables as a sub-group and describe the relaxation of the two-time correlator towards it. It will be possible to adapt constructions from local scale-invariance [44, 51] such that this Lie group can also describe the relaxation of single-time correlators, which is work in progress. Remarkably, the Lie algebra of dynamical symmetries in 2D is isomorphic to the one of the spatially non-local stochastic process of 1D diffusion-limited erosion [50] .
Given the considerable variety of strongly interacting systems with dynamical exponent z = 1, explicit model studies are required in order to see which of the several kinds of conformal invariance will describe one or several of the known physical situations. Here a comparison with the explicit correlators (4.16,4.35) might be instructive.
Another important question is to see how to set up the analogue of the ortho-conformal bootstrap. In tables 2 and 3 we give the relationships of the 'complex' coordinates with the physical coordinates t, x, y. In addition, since the standard unitary conditions of ortho-conformal invariance no longer apply, the central charges of the Virasoro algebras need no longer be the same. This is important, since in dynamical problems the generating functional Z = 1 [73] and the corresponding central charge should vanish. Work along these lines is in progress.
Appendix A. Finite meta-conformal transformations
We provide the details for the explicit integration of the Lie series, in order to construct the non-infinitesimal, finite meta-conformal transformations. The results are included in table 1.
A.1 One spatial dimension
The Lie series F Y (ε, t, r) = e εYm F Y (0, t, r) and F X (ε, t, r) = e εXn F X (0, t, r) are solutions of the initial-value problems (2.19) , subject to the initial conditions F X (0, t, r) = F Y (0, t, r) = φ(t, r).
A.1.1 Case α = 0
Calculations are simplified with the new coordinate ρ := t + µr. We also write φ(t, r) = ϕ(t, ρ).
We begin by finding F Y = F (ε, t, ρ). The initial-value problem (2.19a) simplifies to
Following [59] , the change of variables F (ε, t, ρ) = G(ε, t, v), where v = ε + 1/(mµρ m ), reduces this to 
where in the second line we give the corresponding transformation of the coordinates.
The second initial-value problem (2.19b) for F X = F (ε, t, ρ) becomes
With the change of variables F (ε, t, ρ) = G(ε, u, v), where u = ε + 1/(nt n ) and v = ε + 1/(nρ n ), this becomes
and integrating with respect to ε, we find
In order to satisfy the initial condition G(0, u, v) = ϕ(t, ρ), we set ε = 0 in (A.5) and find In two spatial dimensions, the meta-conformal algebra with p = −1 is spanned by the generators A n , Y + n , Y − n n∈Z , see (4.11) . We look for the Lie series e εAn , e εY + n and e εY − n .
The most rapid way to obtain these, and already in factorised form, is to go over to the new coordinates τ = t, w = t + βz,w = t + βz, along with φ(t, z,z) = ϕ(τ, w,w). The generators (4.11) now take the forms Appendix B. Meta-conformal representations for d = 3
Representations of 3D meta-conformal transformations are obtained by adding to the standard generators of time-translation X −1 = −∂ t , space-translations Y j −1 = −∂ j , j = x, y, z and dilatations with a dynamical exponent z = 1, X 0 = −t∂ t − x∂ x − y∂ y − z∂ z − δ the following set of generators They are quite different for admissible values of p = −1, 1/3.
B.1 p = −1
−aβ ((t + βx)γ x + β(yγ y + zγ z )) ∂ γx − aβ (tγ y + β(xγ y − yγ x )) ∂ γy −aβ (tγ z + β(xγ z − zγ x )) ∂ γz − ktγ x − kβxγ x − kβyγ y − kβzγ z Y y 1 = 2β(t + βx)y∂ x − (t + βx) 2 + β 2 (z 2 − y 2 ) ∂ y + 2β 2 yz∂ z −aβ ((t + βx)γ y − βyγ x ) ∂ γx + aβ ((t + βx)γ x + β(yγ y − (a/2)zγ z )) ∂ γy +aβ 2 (yγ z + (a/2)zγ y )∂ γz − ktγ y − kβxγ y + kβyγ x Y z 1 = 2β(t + βx)z∂ x + 2β 2 yz∂ y − (t + βx) 2 + β 2 (y 2 − z 2 ) ∂ z −aβ ((t + βx)γ z − βzγ x ) ∂ γx + aβ 2 (zγ y + (a/2)yγ z )∂ γy −aβ ((t + βx)γ x − (a/2)βyγ y − βzγ z )) ∂ γz − ktγ z − kβxγ z + kβzγ x . (B.8)
Here k is an arbitrary scalar parameter and a = ±2.
